If the inflaton couples to other degrees of freedom that populate the post-inflationary stage, such coupling modifies the dynamics of the inflaton during inflation. We consider light fermions Yukawa coupled to the inflaton as "unobserved" degrees of freedom integrated out of the total density matrix. Tracing out these degrees of freedom yields a mixed density matrix whose time evolution is described by an effective field theory. We show that the coupling leads to profuse fermion pair production for super-Hubble inflaton fluctuations which lead to the growth of entanglement entropy during inflation. The power spectrum of inflaton fluctuations features scale invariance violations P(k) = P 0 (k) exp{8 ξ k } with corrections to the index and its running directly correlated with the entanglement entropy:
whose time evolution is described by an effective field theory. We show that the coupling leads to profuse fermion pair production for super-Hubble inflaton fluctuations which lead to the growth of entanglement entropy during inflation. The power spectrum of inflaton fluctuations features scale invariance violations P(k) = P 0 (k) exp{8 ξ k } with corrections to the index and its running directly correlated with the entanglement entropy:
. For super-Hubble fluctuations we find
with Y the Yukawa coupling, N T the total number of e-folds during inflation, and k f a "pivot" scale corresponding to the mode that crosses the Hubble radius at the end of inflation.
I. INTRODUCTION, MOTIVATION AND GOALS
The main predictions of inflationary cosmology are supported by observations of the cosmic microwave background (CMB) anisotropies with unprecedented accuracy by the WMAP [1, 2] and PLANCK [3] missions. A simple paradigm of inflationary cosmology describes the inflationary stage as dominated by the dynamics of a scalar field, the inflaton, slowly rolling down a potential landscape leading to a nearly de Sitter inflationary epoch [4, 5] . During this period (adiabatic) cosmological perturbations are generated by quantum fluctuations that freeze when their wavelengths become larger than the Hubble radius with a nearly scale invariant power spectrum [6, 7] .
Upon re-entering the Hubble radius during the matter dominated era, these fluctuations provide the seeds for structure formation.
Typical models of inflation invoke one scalar field, the inflaton, yielding adiabatic perturbations, including other scalar fields generically yield a small component of isocurvature (entropy) perturbations that are severely constrained by CMB observations [1] [2] [3] . The interactions between the inflaton field and other fields describing degrees of freedom that populate a post-inflation, radiation dominated era, such as those present in the Standard Model, are usually considered within the realm of reheating post-inflation [8, 9] . However, if the inflaton interacts with other degrees of freedom, these interactions do not suddenly "switch-on" after the inflationary stage, but must be present even during inflation. Hence, a logical conclusion is that, if the theory of reheating is relevant to describe the post-inflationary cosmology, the degrees of freedom excited during this stage will also be coupled to the inflaton during inflation. From this perspective, scalar field-driven inflation should be understood as an effective field theory emerging after tracing out, or coarse graining, these "unobserved" degrees of freedom that are not directly involved in the generation of the cosmological perturbations that seed the temperature anisotropies.
Interacting quantum fields in a de Sitter (or nearly de Sitter) space time have been the focus of several important studies [10] - [30] that pointed out the emergence of secular and infrared divergences associated with nearly massless fields in inflationary cosmology. Previous studies have shown that loop contributions from "spectator" fields feature these secular or infrared divergences and may yield a time dependence of curvature perturbations in the super-Hubble limit [31] [32] [33] . An important framework to study effective field theories out of equilibrium is that of open quantum systems wherein the time evolution of a reduced density matrix, obtained by tracing over unobserved degrees of freedom, is determined by a quantum master equation [34] [35] [36] . This approach has recently began to be implemented in cosmology [37] [38] [39] [40] [41] [42] and shown to be equivalent to the non-equilibrium effective action that includes the influence action of the degrees of freedom that are traced over [36, 43] . The influence of these "unobserved" degrees of freedom, including fermions [44] has been shown to lead to corrections to the power spectrum of inflaton fluctuations and violations of scale invariance [38, 43] . Recently the interaction between the inflaton and "environmental" fields has been studied within the framework of the quantum master equation to assess the discord, namely the effect of decoherence on inflationary correlations [39, 40] . Taken together, these studies suggest a relationship between corrections to the power spectrum from "environmental" fields and discord and decoherence as a consequence of interactions with "unobserved" (traced over) degrees of freedom.
Motivation, goals and main results:
Our study is motivated by the following aspects: i) The power spectrum of scalar perturbations is characterized by the index n s with the tilt [1, 3] (1 − n s ) indicating (slight) violations of scale invariance, with the running α s = d n s /d ln(k) and running of the running β s = d α s /d ln(k) being higher order indicators of violations of scale invariance. In single field slow roll scenarios 1−n s , α s , β s follow a hierarchy in slow roll parameters. The analysis of the Planck collaboration [3] , however, yields a value of β s surprisingly large, positive, and of the same order of but slightly larger than α s that seems to be in tension with slow roll scenarios [45, 46] , although at the ≃ 2σ level. However, future surveys may tighten this bound [47] . Values of α s , β s larger (and of different sign) than those predicted in the simple single field slow roll inflation can be obtained by allowing entropy perturbations [48] or from contributions of other sources [49] .
ii) If the inflaton is coupled to the degrees of freedom that describe the post-inflation radiation dominated phase, this coupling is also present during inflation. A corollary of the results of refs. [38, 39, 43, 44] , is that the interaction between the inflaton and "unobserved" degrees of freedom that are integrated out into an effective dynamics, yield corrections to the power-spectrum of inflationary quantum fluctuations with violations of (near) scale invariance. Remarkably, these corrections obtained in refs. [38, 39, 43, 44] can also be interpreted as a running α s determined by the interaction strength.
iii) A recent study showed that integrating out ("unobserved") degrees of freedom to yield an effective field theory implies a loss of information, which is manifest as an entanglement entropy of the effective field theory that determines the time evolution of the reduced density matrix [50] .
Our aim is to assess whether, and how, the information loss and entanglement entropy encoded in the effective field theory resulting from tracing out the "unobserved" degrees of freedom [50] is manifest or imprinted in the corrections to the power spectrum of inflaton fluctuations. In other words, we study the relationship between the violations of scale invariance in the power spectrum induced by the coupling of the inflaton to the unobserved fields and the information loss and entanglement entropy arising from tracing over these degrees of freedom. If such a relationship can be unambiguously established, a measurement of n s ; α s ; β s that departs from the predictions of single field slow roll may be evidence of an underlying effective field theory description of inflation in which "unobserved" degrees of freedom yield corrections to observables.
Main results:
Assuming that the scale of inflation H is much larger than the weak scale, we consider the inflaton Yukawa coupled to fermions with masses m f ≪ H as these are the most ubiquitous degrees of freedom of the standard model to which a real scalar field can couple directly. We consider an initial factorized density matrix describing Bunch-Davies vacua for the inflaton and fermions, evolve this state in time in the interacting theory and trace the fermions out of the time evolved density matrix obtaining a reduced density matrix for the inflaton. We begin the study with a perturbative evaluation of the reduced density matrix. This approach makes evident that the production of fermion-anti-fermion pairs kinematically entangled with inflaton fluctuations leads to a mixed state upon tracing over the fermion pairs. The coefficients of the reduced density matrix reveal secular growing terms for super-Hubble inflaton fluctuations, these are a consequence of profuse fermion pair production enhanced when the physical wavelength of inflaton fluctuations become superHubble. We obtain an preliminary estimate of the entanglement entropy and its relation to the power spectrum in the super-Hubble limit. We then obtain the one loop effective action upon integrating out the fermionic degrees of freedom and show that it yields the time evolution of the reduced density matrix from which we obtain the entanglement entropy and the power spectrum of inflaton fluctuations confirming the perturbative treatment. For the entanglement entropy we find
where for super-Hubble modes and Yukawa coupling Y we find
with N T the total number of e-folds during inflation, and k f a "pivot" scale corresponding to the mode that crosses the Hubble radius at the end of inflation.
A dynamical renormalization group improvement yields for the inflaton power spectrum in the super-Hubble limit
explicitly showing that the corrections to the power spectrum with scale invariance violations are directly related to the entanglement entropy and information loss of the effective field theory. The corrections to the scalar index and its running are given by
with vanishing running of the running to leading order in Y 2 .
II. THE MODEL:
We consider the model of an inflaton scalar field minimally coupled to gravity and Yukawa coupled to one Dirac fermionic degree of freedom in a spatially flat de Sitter space time. Including Majorana fermions and/or more species is straightforward [44] .
In comoving coordinates, the action is given by
The Dirac γ µ are the curved space-time γ matrices and the fermionic covariant derivative is given by [51] [52] [53] [54] 
where the vierbein field e µ a is defined as 
For a Friedmann Robertson Walker metric in conformal time the metric becomes
and η µν = diag(1, −1, −1, −1) is the flat Minkowski space-time metric and for exact de Sitter space-time
In conformal time the vierbeins e and the Dirac Lagrangian density simplifies to
where i ∂ = γ a ∂ a is the usual Dirac differential operator in Minkowski space-time in terms of flat space time γ a matrices.
Introducing the conformally rescaled fields 6) and neglecting surface terms, the action becomes
where
where we have normal ordered the interaction in the interaction picture of free fields, and
In the non-interacting case Y = 0 the Heisenberg equations of motion for the spatial Fourier modes of wavevector k for the conformally rescaled scalar field are
We consider a light inflaton field with M 2 /H 2 ≪ 1 consistently with a nearly scale invariant power spectrum.
The Heisenberg fields are quantized in a comoving volume V as
(II.14)
We choose Bunch-Davies conditions for the scalar fields, namely
For M 2 /H 2 ≪ 1 corresponding to ν χ ≃ 3/2 the mode functions simplify to
The Dirac equation for Fermi fields becomes
For Dirac fermions the solution ψ( x, η) is expanded as
where the spinor mode functions U, V obey the Dirac equations
We choose to work with the standard Dirac representation of the (Minkowski) γ a matrices.
It proves convenient to write
with U λ ; V λ being constant spinors [55, 56] obeying
The mode functions f k (η); h k (η) obey the following equations of motion
We choose Bunch-Davies boundary conditions for the solutions, namely 27) which leads to the choice
and f k (η) is a solution of
We find
The sub-Hubble limit (−kη) → ∞ of these modes is given by (II.27) whereas these modes feature a purely oscillatory super-Hubble behavior [44] . The important aspect, however, is that the amplitude of the mode functions remains bound and of order unity for super-Hubble wavelengths.
Under the assumption that the scale of inflation is much larger than the weak scale and that the fermionic degrees of freedom represent those of the Standard Model, it follows that H ≫ m f , leading to
in contrast, nearly massless M ≪ H minimally coupled scalar fields feature a growing mode in the super-Hubble limit (kη ≪ 1) with
which results in amplification and classicalization of super-Hubble fluctuations [57] .
III. ENTANGLEMENT ENTROPY AND POWER SPECTRUM: A PERTURBATIVE
ARGUMENT.
Before we study the time evolution of the reduced density matrix via the effective action, we analyze the emergence of an entangled state between inflaton and fermionic degrees of freedom in perturbation theory. The aim of this section is to provide a simple physical understanding of the emergence of the entanglement entropy and its relation to the power spectrum, along with a preliminary estimate of its value. The results of this section must be taken as indicative, and as a guide to the physical processes involved. The next sections provide a more technically detailed and firmer derivation of the reduced density matrix and entanglement entropy from the effective action.
Consider an initial state corresponding to the Bunch-Davies vacuum for both the inflaton and fermions, namely
In the Schroedinger picture the time evolution of this state is given by
where U (η; η 0 ) is the unitary time evolution operator obeying
where H(η) = H 0 (η) + H i (η) is the total Hamiltonian, and H 0 (η),H i (η) are the free field and interaction Hamiltonian respectively, with H 0 (η) depending explicitly on η through the mass terms.
The reduced density matrix for the inflaton field χ is obtained by performing the trace over the fermionic degrees of freedom of the full density matrix. It is given by
Entanglement between the inflaton and fermionic degrees of freedom resulting from their interaction and time evolution is best studied in the interaction picture. The unitary time evolution operator in absence of interaction (free fields) U 0 (η; η 0 ) obeys
The quantum state in the interaction picture evolves in time as
where the unitary time evolution operator in the interaction picture
is the interaction Hamiltonian in the interaction picture, and χ, ψ are given by the free field expansions (II.14,II.19) respectively.
Up to second order in Y we obtain
where |Ψ(η 0 ) is given by (III.1) and
where the matrix element is given by
This state depicted in fig. (1), it is recognized as an entangled multiparticle state of the inflaton field and fermion-antifermion pairs. An important aspect of the matrix element M
λ,λ ′ ( k, q; η) is that it grows with conformal time for super-Hubble inflaton modes: as a consequence of the growing mode (II.32) for wavevectors that become super-Hubble at a time η * ≈ −1/k the time integral in (III.13) yields a contribution
In second order, there are several contributions obtained from the second equality in eqn.
(III.11), however, only two contribute to the reduced density matrix: i) annihilate all particles from |Ψ (1) (η) returning to the vacuum state |Ψ(η 0 ) , ii) create another χ-particle annihilating the fermion-antifermion pair in the state |Ψ (1) (η) , yielding
The contribution to the second order state |Ψ (2b) with matrix element M The matrix elements involve another wavefunction g * (η) and another time integral implying an extra logarithmic growth for super-Hubble wavevectors leading to a behavior
Therefore, the reduced density matrix in the interaction picture up to second order is given by
The secular growth of the matrix elements arising from super-Hubble wavelengths of inflaton fluctuations imply the profuse production of single quanta of the inflaton kinematically entangled and correlated with fermion pairs. That the reduced density matrix (III.16) describes a mixed state can be understood from an argument closely related to that in ref. [50] . If (III.16) were a pure state, it could be written as
where the state |α(η) , up to second order in the coupling must be generically a superposition of the vacuum, single particle and correlated pair states as it must be obtained in a second order expansion with the interaction (II.10). Therefore such state should be of the form 
Neither of such terms are present in (III.16).
The main reason why these terms are not present in (III.16) is because the single particle χ states are entangled with fermion-antifermion pairs, in performing the trace over these degrees of freedom, each member of the pair in a "bra" must pair up with a similar state of same momentum and polarization λ from a "ket" in the trace. Thus we conclude that the density matrix (III.16) describes a mixed state. The entanglement between the inflaton and fermionic states is responsible for the entanglement entropy associated with this mixed state, which is given by
where λ n are the eigenvalues of the reduced density matrix.
To leading order in Y , the eigenvalues in the single and two particle sectors are proportional to ρ 0 , ρ 1 yielding an entanglement entropy
The growth of this entanglement entropy is a consequence of fermion pair production, which is enhanced when the physical wavelength of the inflaton fluctuation becomes super-Hubble. Tracing over the fermionic degrees of freedom leads to information loss which is manifest as the entanglement entropy. As time evolves more inflaton modes become super-Hubble resulting in fermion-pair production, as more pairs are integrated out, more information is lost and entropy grows.
The power spectrum of the original φ( x, η) = χ( x, η)/C(η)-field is given by
where (see eqn. (II.14)) in the interaction picture
With the product χ k χ − k , both the single-particle and correlated pair states in (III.16) contribute to the power spectrum, we find for de-Sitter with C(η) = −1/Hη and for super-Hubble modes
where a is a constant that depends explicitly on the matrix elements. It will be obtained below from a more systematic treatment. This perturbative analysis, while preliminary and very approximate in the form of the secular logarithms, yields a simple understanding of the physical processes that describe the reduced density matrix and the emergence of the entanglement entropy: the production of correlated fermion pairs kinematically entangled with inflaton fluctuations. It also highlights in a simple but approximate manner the relationship between the corrections to the power spectrum and the entanglement entropy. The sections below provide a more technically detailed derivation and confirmation of these results from the effective action.
IV. REDUCED DENSITY MATRIX
The effective action for inflaton degrees of freedom obtained by tracing out fermionic degrees of freedom has been obtained in ref. [44] . For consistency and continuity in the presentation we summarize the main aspects of the derivation. The reader is referred to ref. [44] for more technical details.
The time evolution of a density matrix initially prepared at time η 0 is given by
where Tr[ρ(η 0 )] = 1 and U (η, η 0 ) is the unitary time evolution operator of the full theory, it obeys
where H(η) is the total Hamiltonian. Therefore
with T the time-ordering symbol describing evolution forward in time and T the anti-time ordered symbol describing evolution backwards in time.
Consider the initial density matrix at a conformal time η 0 and for the conformally rescaled fields to be of the form
This choice while ubiquitous in the literature neglects possible initial correlations. We consider an initial time η 0 such that physical wavelengths of cosmological relevance were deep inside the Hubble radius at η 0 . We will focus on the time evolution well after their physical wavelength have become super-Hubble during inflation when the amplitude of the scalar modes χ become amplified. Under this assumption initial correlations between these modes and the fermionic degrees of freedom are perturbatively small, hence we adopt this initially factorized density matrix with the understanding that the role of initial correlations between the inflaton and the fermionic degrees of freedom remains to be studied further.
Since we are considering a de Sitter space-time, we take the initial time η 0 to be earlier than or equal to the time at which the slow-roll (nearly de Sitter) stage begins.
Our goal is to evolve this initial density matrix in (conformal) time obtaining (IV.1) and trace over the fermionic degrees of freedom (ψ, ψ) leading to a reduced density matrix for χ namely
There is no natural choice of the initial density matrices for the inflaton or fermionic fields, however, consistently with the analysis of the previous section and to exhibit the main physical consequences of tracing over the fermionic degrees of freedom in the simplest setting we choose both fields to be in their respective Bunch-Davies vacuum state, namely
This condition can be generalized straightforwardly. In the discussion below, we refer to ψ, ψ collectively as ψ to simplify notation.
In the field basis the matrix elements of ρ χ (η 0 ); ρ ψ (η 0 ) are given by
and we have suppressed the coordinate arguments of the fields in the matrix elements. In this basis
The Dχ etc, are functional integrals, which for the fermionic degrees of freedom are in terms of
Grassmann valued fields and Dψ ≡ DψDψ. To simplify notation space-time arguments have been suppressed. The matrix elements of the forward and backward time evolution operators can be written as path integrals, namely
where L[χ, ψ] can be read off (II.7) and the boundary conditions on the path integrals are
The fields χ ± , ψ ± describe the time evolution forward (+) with U (η, η 0 ) and backward (− ) with
, this is the Schwinger-Keldysh formulation [58] [59] [60] of time evolution of density matrices.
The reduced density matrix for χ is obtained by tracing over fermionic degrees of freedom,
where the time evolution kernel T is given by the following path integral representation
The total effective action that yields the time evolution of the reduced density matrix is given by
The influence action F is defined by
, (IV. 17) and we used the shorthand notation
The boundary conditions on the fermionic path integrals are
the last equality is a consequence of the trace.
The path integral in the fermionic sector is a representation of the time evolution forward and backwards of the fermionic density matrix, in (IV.17) where χ ± act as external sources coupled to : ψ ± (x)ψ ± (x) :. These sources are different along the different branches,
where U (η, η 0 ; χ ± ) is the time evolution operator in the fermionic sector in presence of external sources χ ± namely
and
In eqn. (IV.22) H 0ψ (η) is the free field Hamiltonian for the field ψ which depends explicity on time as a consequence of the η dependent mass term in the fermionic Lagrangian density (II.9) and χ ± in the interaction terms are classical c-number sources.
The calculation of F[χ + ; χ − ] proceeds by passing to the interaction picture for the Hamiltonian
where U 0 (η; η 0 ) is the time evolution operator of the free field ψ and cancels out in the trace in 
and the averages over fermionic variables are given by
We have used that normal ordering in the interaction picture yields
since the initial density matrix corresponds to the (Bunch-Davies) vacuum state for the fermionic degrees of freedom. Furthermore, comparing (IV.25) and (IV.26) it follows that
The fermionic correlation functions G ≶ are identified as the fermion loop that enters in the second order contribution of the perturbative density matrix (III.16) (see fig.(2) ), thereby establishing a direct relation between the perturbative approach of the previous section and the effective action.
Following the steps outlined in refs.( [36, 44] ) we find
In a spatially flat FRW cosmology spatial translational invariance implies that
it is straightforward to find that
Therefore we write the influence action in terms of spatial Fourier transforms in a volume V , with 33) and performing the spatial integrals we obtain
In summary, the reduced density matrix for the inflaton field is given by
where the total effective action that yields the time evolution of the reduced density matrix is given by (IV.16,IV.34) and the boundary conditions on the path integrals are
Although the reduced density matrix is obtained by tracing over the fermionic degrees of freedom, the total density matrix evolves in time via the unitary time evolution operator, therefore
where the total trace corresponds to tracing over both the fermionic and inflaton degrees of freedom.
Taking the initial density matrix to be given by equation (IV.4) with (IV.6) the relation (IV.37)
It is convenient to introduce the center of mass Ψ k (η) and relative R k (η) variables as
thus the path integral measure becomes DχD χ = DΨDR and the boundary conditions become
In terms of these variables the effective action (IV.16) becomes
where ′ ≡ d/dη and
The Gaussian path integrals over Ψ, R are carried out by standard methods: introduce the classical paths Ψ c , R c and fluctuations around them z, r respectively as
fulfill the boundary conditions (IV.40,IV.41) and 47) and require that the linear terms in r k , z k in S ef f vanish. This yields the following equations of
Therefore the Gaussian path integrals yield
The normalization factor
only depends on η f but does not depend on the initial and final values of the fields as a consequence of the boundary conditions (IV.47) for the fluctuations. This factor does not need to be calculated because it is completely determined by the unitarity condition (IV.38).
Using the equations of motion (IV.48,IV.49) we find 
A. Initial density matrix:
From the expansion (II.14), we define
where g(k, η) obey the same wave equation as (II.12) and are given by (II.16) with Wronskian
The relations (IV.53,IV.54) can be inverted to yield
since the operators a k , a † k are independent of time the relation (IV.56) can be written at the initial time η 0 as
The Bunch-Davies vacuum obeys the condition (II.15) in the Schroedinger representation at the time η 0 . The canonical momentum conjugate to χ is 
where 62) and N is a normalization factor. Therefore the initial density matrix for the χ field in the Schroedinger representation is given by 
we find
where Ω R , Ω I are real and given by
Finally from the expression (IV.35), the reduced density matrix in terms of the center of mass and relative variables is given by
This is the final form of the reduced density matrix, where the functional integrals are simple Gaussian integrals that can be carried out once the fermionic correlation functions and the solutions of the equations of motion are obtained. The normalization pre-factor in (IV.67) is determined from the condition of unitary time evolution (IV.38), namely
B. Fermionic correlations:
The kernels K 
where ǫ → 0 + is a short-distance regulator.
C. Solutions of the equations of motion:
We solve the equations of motion (IV.48,IV.49) in a perturbative expansion in Y 2 and insert these solutions in (IV.52) to obtain the effective action up to order Y 2 . We begin with the zerothorder solution to highlight several relevant aspects and shed light on the interpretation in the interacting case.
Zeroth order solutions:
The solutions of the zeroth-order equations of motion correspond to setting Y 2 = 0, namely However, instead of using these complex mode functions, and in order to separate the real from the purely imaginary contribution to the effective action we use the real mode functions
which describe the growing (g + ) and decaying (g − ) solutions for super-Hubble modes and satisfy the Wronskian condition
These real mode functions are related to the complex mode functions g(k, η) (II.16) as
For a (nearly) massless inflaton field for which ν χ = 3/2, in the super-Hubble limit −kη → 0 + these solutions behave as
In terms of these mode functions the general solution of (IV.48) for Y 2 = 0 is given by
with the coefficients Q k , P k fixed by the boundary conditions (IV.40). We find
where we introduced
The equation of motion for R c for Y 2 = 0 with the boundary conditions (IV.41) has a similar solution,
Our goal is to obtain the effective action and entanglement entropy to leading order in Y 2 , therefore we input the zeroth-order solution (IV.78) for R c in the second line in (IV.52) because
Perturbative solution:
As discussed in detail in ref. [44] upon integration by parts the self-energy term in the equation of motion (IV.48) becomes
(IV.79)
In obtaining this expression, we have neglected the contribution from the lower limit (η 0 ) in the integration by parts, these contributions are finite and perturbatively small (since the mode functions are assumed to be deeply sub-Hubble at the initial time) as η 1 → 0 which is the limit of interest in this work. As discussed in ref. [44] the first two terms are absorbed into mass and wavefunction renormalization. Since we are primarily concerned with the asymptotic super-Hubble limit, we adopt here the renormalization procedure detailed in ref. [44] absorbing these two terms in the corresponding renormalizations and focus solely on the contribution from the third term in (IV.79).
We consider a perturbative solution of (IV.48) of the form, obeys the equation
and we have used the zeroth order equation of motion (IV.48) (with Σ k = 0;
R the renormalized inflaton mass, and
For the growing mode Ψ c k,0 (η 2 ) = g + (k, η 2 ) we find in the super-Hubble limit −kη
where the dots stand for subleading terms in this limit, whereas for the decaying mode Ψ c k,0 The inhomogeneous equation (IV.82) can be solved by introducing the Green's function of the differential operator on the left hand side of (IV.82) with retarded boundary conditions,
In the super-Hubble limit of both arguments we find
In terms of this Green's function it follows that
Writing the zeroth order solution as a combination of g ± it is straightforward to find that up
where Q k , P k are coefficients fixed by the boundary conditions (IV.40) and the g ± are the perturbatively corrected mode functions with the following limits
Using the results of ref. [44] we find that in the super-Hubble limit −kη 
and 1
Gathering the results above, the effective action (IV.52) becomes
where the explicit form of the various coefficients is given in appendix (A). An important aspect of these coefficients is that they are all real, this is the main advantage of having introduced the real mode functions g ± (k, η).
The Gaussian functional integrals in (IV.67) can now be carried out, yielding the reduced density
with N a normalization factor determined by the condition (IV.68), and
Where Ω R,k , Ω I,k are given in terms of the real mode functions at η 0 by eqns. (A.1,A.2) in appendix (A) respectively. We do not quote the expression for γ k which is cumbersome and, as explained in detail below, not relevant either for the power spectrum or the entanglement entropy. Before we analyze the reduced density matrix including the contribution from the fermionic correlations, it will prove informative to consider first the Y = 0 case for which J 1,2,3 = C k,i =
The coefficients A, B for this case are gathered in appendix (B) (see eqns.
(B.2-B.7)), and the coefficient γ k in (IV.100) is given by
Using the results for the coefficients in appendix (B) and after straightforward algebra, we find
where Ω R,k (η f ), Ω I,k (η f ) are the coefficients (A.1,A.2) with η 0 → η f . In terms of the complex mode functions g(k, η) (II.16) related to g ± (k, η) by eqn. (IV.73), these coefficients are the same as those of eqn. (IV.66) with η 0 → η f . Replacing these coefficients in the reduced density matrix (IV.100) we find that it has exactly the same form as the initial density matrix (IV.64) but with
In other words, the reduced density matrix for Y = 0 at η = η f is simply the initial pure state density matrix evolved in time from η 0 up to η f with the free field Hamiltonian, namely
where Υ is the Schroedinger wavefunctional describing the Bunch-Davies vacuum state at time η f .
Of course this is expected, in absence of interactions the reduced density matrix is simply the initial density matrix propagated in time with the unitary time evolution operator. However, it is reassuring, as well as an important check, that the formalism described above yields the expected result in the non-interacting limit.
The term proportional to γ k (a real coefficient) in the exponent in (IV.100) is purely imaginary corresponding to a pure phase in the final density matrix which does not contribute to the power spectrum or the entanglement entropy and will be neglected in the analysis below. While this final expression for the reduced density matrix (IV.100) with the coefficients (IV.101,IV.102,IV.103) is cumbersome and unwieldy, we are primarily focused on the super-Hubble limit, where progress can be made by analyzing the behavior of the various coefficients to extract the leading behavior. The details of such analysis are provided in appendix (C) with the main result to leading order given by (see the final equations (C.13,C.14))
V. ENTANGLEMENT ENTROPY FROM THE EFFECTIVE ACTION:
Going back to the original variables χ f , χ f (see equations (IV.40,IV.41)) the final reduced density matrix reads
This expression makes manifest that if β k = α k /4 the reduced density matrix describes a pure state since it is identified as the product of a wavefunctional times its complex conjugate. Therefore the results (IV.109,IV.110) imply that in presence of interactions the reduced density matrix describes a mixed state. This is in agreement with the perturbative calculation in section (III), and the discussion for the Y = 0 case above.
The entanglement entropy of this mixed state is the Von-Neumann entropy, it is given by
where λ n are the eigenvalues of the density matrix, namely
the normalization condition (IV.38) yields n λ n = 1. The second line in (V.1), i.e. the phase, does not contribute to the eigenvalue equation because it can be absorbed into the wavefunctions,
. Therefore this total phase can be safely set to zero in the reduced density matrix, it does not contribute to either the entropy or the power spectrum. The entropy of gaussian density matrices has been originally obtained in the seminal work of refs. [61] [62] [63] [64] [65] . We present an alternative to these methods that allows to establish a closer relation to mixed states in statistical physics. We recognize that setting to zero the phase in (V.1)and introducing the definitions
the reduced density matrix (V.1) is similar in form to the Schroedinger representation of the density matrix of decoupled harmonic oscillators, each in thermal equilibrium with temperature
Z −1 is the normalization factor, and π − k is the canonical momentum conjugate to χ k . As Y 2 → 0 it follows from equation (IV.110) that β k → α k /4 and T k (η f ) → 0, therefore we recover the ground state density matrix as discussed above.
The eigenfunctions up to a normalization factor are
where H n are Hermite polynomials, with eigenvalues
where ξ k is given by eqn. (V.5) and we used the normalization condition (IV.38). This normalization condition along with the expression for the entanglement entropy imply that the eigenvalues must fulfill the conditions 0 ≤ λ n < 1. The fulfillment of this condition is discussed in detail in section (VII) below.
These results agree with those of refs. [61] [62] [63] obtained with different methods. Finally the entanglement or Von-Neumann entropy is given by
For super-Hubble modes and to leading order in Y 2 it follows from the relation (IV.110) that
This is one of the important results in this study.
VI. POWER SPECTRUM:
The power spectrum is given by (III.22) from which it is clear that the phase in (V.1) is irrelevant. In terms of the reduced density matrix (V.1) we need
where F + is given by eqn. (IV.93) and we used the normalization (IV.38). The secular growth of the correction term F + as −kη → 0, leading eventually to a breakdown of the perturbative expansion can be systematically re-summed via the dynamical renormalization group [67, 68] . Following the treatment in ref. [44] we implement this resummation program to obtain a renormalization group improved power spectrum. Returning to the perturbative solution to the equation of motion, eqn.
(IV.80), we consider that the zeroth-order solution is given by the growing mode, namely, we take 
We introduce a (wave-function) renormalization of the amplitude, Z[η], and an arbitrary renormalization scale η to write the amplitude Q k as
Inserting this expansion in the solution (VI.3), yields
The perturbative expansion is improved by choosing the coefficient z 1 [τ ] to cancel the secularly growing correction from F + at the (arbitrary) scale η, namely
Since the solution Ψ c k , (η) does not depend on the scale η, it obeys the dynamical renormalization group equation [67, 68] 
namely, to leading order in
The solution of this equation is
We choose the scale η * to correspond to the time at which the mode of wavevector k crosses the Hubble radius, namely −kη * = 1 for two reasons: i) at this time scale the corrections to the mode functions are within the perturbative regime and the amplitude has not changed substantially, ii)
at this scale it follows from (IV.93) that F + (k, η * ) = 0. With this physically motivated choice, and now finally setting η ≡ η, the renormalization group improved growing solution is
where Q k hc ≃ Q k up to perturbatively small (and non-secular) corrections in Y 2 is the amplitude at "Hubble-crossing". The dynamical renormalization group improved solution is equivalent to the solution obtained via the quantum master equation as shown in ref. [38] .
Replacing this renormalization group improved solution into the analysis of the previous section is tantamount to replacing
in all expressions leading to the reduced density matrix. Using the leading order result (V.11) we obtain the power spectrum for super-Hubble wavelengths at the end of the inflationary era
this result establishes a direct relationship between the corrections to the power spectrum and the entanglement entropy (V.10).
VII. DISCUSSION:
Several aspects of the results obtained in the previous sections merit discussion.
i:)
The perturbative argument indicates that the growth of the entanglement entropy is associated with the production of fermion-antifermion pairs which becomes enhanced when the physical wavelength of the scalar fluctuation becomes super-Hubble. As pair production is enhanced and these degrees of freedom are traced out of the total density matrix to yield the reduced density matrix for the scalar fluctuations, more and more information is lost in coarse graining these degrees of freedom. This information loss is manifest as a growth of entropy [50] . The effective action confirms this interpretation since the term responsible for the mixing is a consequence of the interactions and fermion pair production. The growth of entropy for super-Hubble fluctuations has also been found numerically in ref. [39] in a different model with the inflaton coupling to a massless scalar field conformally coupled to gravity [38, 43] . Our study thus confirms the growth of entropy upon tracing over "unobserved" degrees of freedom providing an analytic description of the entanglement entropy for super-Hubble modes within a very different context of the inflaton Yukawa coupled to fermions.
ii:) The fact that the entanglement entropy and the corrections to the power spectrum are correlated is understood from the fact that both are determined by the inflaton self-energy, namely the fermion-antifermion loop. In the perturbative approach this is manifest in the matrix elements of the reduced density matrix, see fig. (2) and in the effective action by the fermionic correlators (IV.25,IV.26) which determine the self energy and are obviously given by the loop in fig. (2) .
iii:) The correction to the power spectrum and the entanglement entropy are determined by the factor
considering that the total number of efolds N T = ln(η 0 /η f ) ≃ 60 and that the wavevectors k of cosmological relevance cross the Hubble radius about 10 e-folds before the end of inflation at η f it follows that
even considering that Hubble crossing occurs at the beginning of inflation, −k η 0 ≃ 1 (still superHubble today) yields
Therefore with Y < 10 −1 this contribution is positive and small and perturbation theory is valid.
In particular the condition 0 ≤ λ n < 1 for the eigenvalues of the normalized (mixed state) reduced density matrix and the expression for the entanglement entropy is fulfilled. Therefore λ n can be safely assigned a probability interpretation for the whole range of wavevectors that cross the Hubble radius between the beginning and end of inflation for moderate Yukawa couplings.
There is a caveat in this argument. In principle allowing the wavevector k to be arbitrarily small it could lead to Y 2 F + (k, η f ) > 1. This possibility results in a breakdown of perturbation theory.
While the dynamical renormalization group provides a systematic resummation for the power spectrum, there is no natural manner to extend this well understood resummation framework to the entanglement entropy. Such resummation program for the entanglement entropy remains to be studied further.
iv:) It is convenient to introduce the "pivot" scale k f = −1/η f corresponding to the scale that crosses the Hubble radius at the end of inflation, in terms of which
with k ≪ k f . The power spectrum (VI.12) can now be written in terms of a correction to the index δn s and running α s as
with
suggesting a hierarchy α s ≃ n s /N T ; · · · .
We note that a change of the "pivot" scale k f results in a change of the overall amplitude and a change of δn s , these changes have been discussed also in ref. [69] .
Therefore we find a correction to the index n s and a negative running α s but not a running of the running, β s ≃ 0 to this order.
v:) A corollary of this study is that even in absence of (scalar) fields that could contribute to entropy perturbations, the coupling of the inflaton to other degrees of freedom that do not contribute directly to cosmological perturbations and are "traced over", lead to entropy production.
This entanglement entropy is different from a thermal entropy, but nevertheless imply a loss of information and must be included in the entropy budget both during and post inflation. Thus even without explicit entropy perturbations, the entanglement entropy resulting from particle production contributes to the entropy budget during the inflationary stage.
vi:) Caveats: We have established a relation between the entanglement entropy and corrections to the power spectrum for inflaton fluctuations, not for curvature perturbations. The latter are the perturbations relevant for temperature anisotropies, therefore a comparison between the results obtained here and the observational data are not very meaningful. Although our analysis so far does not apply directly to curvature perturbations, it suggests that the underlying fundamental physical processes, namely self-energy loop corrections of "unobserved" spectator fields will lead to similar results for them. This expectation is borne out of the analysis in ref. [31] , that showed the emergence of secular logarithms from loops of "spectator" fields.
VIII. CONCLUSIONS AND FURTHER QUESTIONS:
The main premise of our study is that the coupling of the inflaton to the degrees of freedom that populate the post-inflationary reheating phase, influence the dynamics of the inflaton during inflation. We consider the inflaton Yukawa coupled to light fermions, assuming that the scale of inflation is much higher than the electroweak scale. The full density matrix is evolved in time from an initial factorized vacuum state and the fermionic degrees of freedom are traced out of the full density matrix yielding a reduced mixed density matrix whose time evolution is determined by a non-equilibrium effective action. A perturbative study of the reduced density matrix reveals that profuse fermion pair production when the wavelengths of the inflaton fluctuations become super-Hubble, result in growth of the entanglement entropy.
We obtain the one-loop effective action which confirms that the fermionic self-energy leads to secular growth of inflaton correlations and the entanglement entropy. The entanglement entropy is a manifestation of the information loss in the effective field theory [50] , arising from tracing over the "unobserved" degrees of freedom. As more fermion pairs are produced, tracing these degrees of freedom out of the density matrix implies more information loss and a concomitant growth in the entanglement entropy.
We establish a direct relation between scale invariance violations of the inflaton power spectrum and the entanglement entropy, P(k) = P 0 (k) exp{8 ξ k } with P 0 (k) the unperturbed (scale invariant) power spectrum and Von-Neumann entanglement entropy S vN = − k ln(1 − ξ k ) + A corollary of our study is that even in absence of scalar entropy (isocurvature) perturbations, the coupling to the inflaton to degrees of freedom that are not directly observed and are integrated out into an effective action contribute to entropy production during the inflationary stage as a consequence of the production of correlated pairs. This entropy, different from the thermal variety, is imprinted on the power spectrum of fluctuations and must be included in the cosmological entropy budget.
Further questions:
In this article we focused on studying the influence of "unobserved" degrees of freedom upon the inflaton. It remains to understand how to implement the formulation presented here to curvature perturbations, in particular addressing the important issue of gauge invariance. Therefore, while the results obtained here are indicative of the effect of degrees of freedom that are traced over, and the physical reasons (self-energy corrections from particle production) for the correlation between entanglement entropy and corrections to (near) scale invariance are clear, such relation for curvature perturbations must be studied further.
Although the relation between the entanglement entropy and scaling violations of the power spectrum is fundamentally important as a characterization of the corrections from "unobserved" degrees of freedom, it is not clear whether these corrections will be observationally distinguishable from those of "ordinary" slow roll, or other sources such as isocurvature perturbations. Thus the observational consequences of the results in this study highlighting the influence of degrees of freedom that do not directly seed curvature perturbations and the relation with entanglement entropy production remain to be studied further.
It would be very tantalizing if CMB observations can discriminate between scaling violations in the form of corrections to the tilt and running induced by "unobserved" degrees of freedom from those predicted by slow roll. Such observation may open the window to glean other degrees of freedom beyond the inflaton in inflationary cosmology.
(B.4)
Appendix C: Analysis of coefficients for Y = 0 in the super-Hubble limit.
For this analysis we consider that the renormalized mass of the inflaton field is M R ≪ H therefore taking ν χ = 3/2 in the mode functions. The coefficient B k,f only contributes to the phase of the reduced density matrix (IV.99), namely the coefficient γ k in eqns. (IV.100,V.1), therefore is not relevant for either the power spectrum or the entanglement entropy as discussed in the text.
The main ingredients in the analysis of the super-Hubble limit −kη → 0 + are:
with F + (k, η f ) = 1 12π 2 ln 2 − kη f − 2 ln − kη f ln − kη 0 + · · · (C.3)
Therefore, it follows that
Furthermore, from eqn. (IV.91) and the Wronskian condition (IV.72) we find
The super-Hubble limit of the kernel N k (η 1 , η 2 ) given by eqn. (IV.69) is dominated by the delta function. Therefore for the terms that involve the nested integrals of N k (η 1 , η 2 ) we integrate by parts, the contribution from the upper limits vanish because D[η, η] = 0, and that of the lower limit yields a perturbatively small correction without secular logarithms. In the integrands we take
To leading order we find J a,k ≃ Y 2 × finite constant ; a = 1, 2, 3
Up to O(Y 2 ) in the squared bracket of (IV.102) we need the products
from the above results we find that these products yield terms of the form Terms of the form
from the coefficients C, D in (IV.103) are subleading perturbative corrections as compared to the terms of O(1) and can be safely neglected.
Therefore up to leading order in Y 2 and secular logarithmic terms we find
(C.14)
